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Abstract. If S' is a scheme of characteristic p, we define an F-zip over 5 to be a vector bundle 
with two filtrations plus a collection of semi-linear isomorphisms between the graded pieces 
of the filtrations. For every smooth proper morphism X — > 5 satisfying certain conditions 
the de Rham bundles H2^{X/S) have a natural structure of an F-zip. We give a complete 
classification of _F-zips over an algebraically closed field by studying a semi-linear variant of 
a variety that appears in recent work of Lusztig. For every _F-zip over S our methods give a 
scheme-theoretic stratification of S. If the F-zip is associated to an abelian scheme over S the 
underlying topological stratification is the Ekedahl-Oort stratification. We conclude the paper 
with a discussion of several examples such as good reductions of Shimura varieties of PEL type 
and K3-surfaces. 



Introduction 

Let f:X —>■ S* be a smooth proper morphism of schemes in characteristic p > 0. We 
say that / satisfies condition (D) if the sheaves i?''/*r2^yg are locally free and if the Hodge- 
de Rham spectral sequence degenerates at Fi-level. The de Rham cohomology sheaves M — 
H^ {X/S) are then locally free Og-modules that come naturally equipped with a descending 
filtration C* (the Hodge filtration), an ascending filtration D, (the conjugate filtration), and 
with Og-linear isomorphisms ipc (gr^)^^' grf given by the (inverse) Cartier operator. We 
call such a structure M = {M, C* , D,, ip,) an F-zip over S. 

In this paper we give a complete classification of F-zips over an algebraically closed field. 
It turns out that F-zips over k — k are essentially combinatorical objects. In order to state 
our result, let us first define the type of an F-zip M_ over a connected basis S as the function 
r: Z — > Z^o given by T(i) — rank^^ (s'^c)- geometric example considered above, the type 

is given by the Hodge numbers /i^™"* of the fibres of /. Our first main result is the following 
(cf. section (4.4)). 

Theorem 1. Let k be an algebraically closed Geld of characteristic p > 0. Let t-.I^ ~> Z^o be 
a function with finite support ii < ■ ■ ■ < ir- Let rij := T{ij), write J = (rir, . . . ,ni), and let 
n := ni + ■ ■ ■ + Ur ■ Then there is a bijection 



(isomorphism classes of F -zips') 
\ of type T over k J 



{Sn^ X ■ ■ ■ X Sn,)\Sn =: . 



More precisely, to each u G we associate a "standard F-zip'' M_" over Wp such that any 
F-zip M_ over k is isomorphic to M " (E)Wp k for some uniquely determined u G . 
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In the case of an abelian variety X over a perfect field k, the F-zip structure on H\^{X/k) 

gives the Dieudonnc module of the p- kernel group scheme X[p\. In this special case, our classi- 
fication theorem was proven (up to differences in terminology) by Kraft in [14]. It was realized 
by Ekedahl and Oort that this can be used to define a stratification of the moduli space Ag of 
abelian varieties in characteristic p. This Ekedahl-Oort stratification is a very useful tool in the 
study of see Oort, [22] and [23]. 

Our theory of F-zips enables us to extend these ideas to arbitrary families f:X—^S satisfying 
condition (D), and to dc Rham cohomology in arbitrary degree. We define a generalized Ekcdahl- 
Oort stratification of the base scheme S. In fact, our theory gives a natural scheme-theoretic 
definition of these strata, which is new even in the case of abelian varieties. The result can be 
stated as follows (cf. section (4.9)). 

Theorem 2. Let t and '^W be as in Theorem 1. Let M_ = {M, C" , D,, (p,) be an F-zip of 
type T over a scheme S of characteristic p. For u G '^W we define a subfunctor of S by 
the condition that a morphism g:T ^ S factors through if and only if g*M_ is fppf-locally 
isomorphic to M " Ot- Then c S is representable by a locally closed subscheme of S, 
and the map 

ue-'w 

is a bijective monomorphism (i.e., a partition of S). 

For the proof of Theorem 1 and Theorem 2 we study the Fp-scheme Xt whose S'-valued 
points are the triples {C ,D,, (p,) such that (Og, C*,D,,(f,) is an F-zip of type r over S. The 
algebraic group GLn^w^ naturally acts on X^-. Theorem 1 amounts to a classification of the 
GL„-orbits in X^. 

We think of Xr as a "mod p analogue" of a compactified period domain. Indeed, if we 
let *S' S* be the GL„-torsor of trivialisations of the underlying vector bundle M then we 
get a natural "mod p period map" '^5' Xr, analogous to the period maps arising in Hodge 
theory. It turns out that there is a unique open GL„-orbit X°'^'^ C Xt, the "ordinary locus" 
(cf. section (4.5)), which is to be thought of as the interior of the period domain. In this picture, 
the other strata correspond to degenerations of the data that constitute an F-zip. 

In order to study the GL„-orbits in X^-, we express the latter in more group- theoretical 
terms. We introduce varieties Zj that are semi-linear variants of the varieties studied by Lusztig 
in [15]. We consider these varieties in the general context of a (not necessarily connected) 
reductive group G over a finite field. Write {W, /) for the Weyl group of G with its set of simple 
reflections. As further input for the deflnition of Zj we need two subsets J, K C I, and a 
Weyl group element x gW satisfying certain assumptions (see section (3.2)). Write Up for the 
unipotent radical of a parabolic P C G. Then Zj is the Zariski sheafification of the functor that 
classifies triples [P,Q, [g]) with P and Q parabolic subgroups of types J and K, respectively, 
and with [g] a double coset in Uq\G/ F(Up) such that Q and ^F(P) are in relative position x. 
We prove that Zj is a smooth variety of dimension equal to dim(G). The group G naturally 
acts on Zj. 

The connection with the theory of F-zips is as follows. Let r and J be as in Theorem 1, and 
take G = GLn^Wp- We identify W = Sn. The ordered partition J = (n^, . . . ,ni) corresponds to 
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a subset of the set / of simple reflections. For K C I we take the subset corresponding to the 

opposite partition (ni, . . . ,nr), and for x we take the element of minimal length in the double 
coset WkWoWj , where Wj and Wk C W arc the subgroups generated by J and K, respectively, 
and where wq & W is the longest element. We show that with these choices, there is a GL„- 
equivariant isomorphism between Xt and the variety Zj. Theorem 1 is then a consequence of 
the following general result about the varieties Zj (cf. section (3.25)). 

Theorem 3. There is a bijection between the set of G-orbits in Zj and the set GW of 
elements w G W that are of minimal length in their coset Wjw. (So ■^W is in bijection with 
Wj\W.) 

The idea for the proof of this theorem is the following. Let (P, Q, [<?]) be a point of Zj. We 
define a new pair of parabolics (Pi, Qi) by 

Pi := (P n Q)Up , Qi := (Q n gF{P^)g-^)UQ . 

In a sense that can be made precise, the pair (Pi, Qi) is a refinement of the pair (P, Q). Repeating 
this process, we get a sequence of pairs (P„, Qn) that stabilizes. Then the bijection in Theorem 3 
is obtained by sending the point (P, Q, [5]) to the element of W that measures the relative 
position of P„ and Qn for n ^ 0. 

The same ideas as sketched here can be applied to study F-zips with certain additional 
structures, such as a bilinear form or an action of a semi-simple algebra. We apply this to 
abelian varieties, K3-surfaces, and to good reductions of PEL-Shimura varieties. In this last 
case, we give a new proof of the dimension formula for Ekedahl-Oort strata that was obtained 
in [20] using the results of [27]. In fact, this is a consequence of the following general result on 
the dimensions of the G-orbits in Zj (cf. section (3.20)). 

Theorem 4. For u € ^W, let O" C Zj be the corresponding G-orbit under the bijection of 
Theorem 3. Then 

codim(0", Zj) = dim(Parj) - £{u) , 

where l{u) is the length of u in the Coxeter group W, and where Par j is the variety of parabolics 
of type J. 

We will now give an overview of the structure of the paper. In the first section we give 
the definition of P-zips over a base scheme of characteristic p, and we define standard P-zips. 
Section 2 contains some notations and lemmas on parabolic subgroups of reductive groups, their 
relative position, and their Levi subgroups. 

Section 3 is the technical heart of the paper. Here we introduce and study the varieties Zj 
discussed above. The main goal of this section is the study of the fppf-quotient G\Zj and, as 
an application, the proof of Theorems 3 and 4. Our method is a variation on ideas of Lusztig 
in [16]. 

In Section 4 we prove Theorems 1 and 2 announced above. The proof is an easy application 
of our classification of the G-orbits in Zj. 

In Section 5 we briefly discuss some examples of P-zips with additional structure. Finally, 
in Section 6 we discuss applications to geometry. We explain how a morphism X ^ S satisfying 
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condition (D) gives rise to an F-zip structure on the de Rham cohomology. There is also a 

version of this for log-schemes. We show that it is possible to detect ordinariness, in the sense of 
Illusic and Raynaud [10], from our partition of S. Next we consider good reductions of Shimura 
varieties of PEL-type. The partition obtained in this case is the generalized Ekedahl-Oort 
stratification studied earlier by the authors in [17], [18] and [27]. Finally, we study K3-surfaces 
X — > 5, and we make the connection between the stratification of S given by the height and 
the Artin invariant, and the generalized Ekedahl-Oort stratification obtained by our methods. 

Acknowledgements. The first author thanks the Mathematics Institute of the University 
of Cologne for its support and hospitality during a short visit in May 2002, when part of the 
research in this paper was conducted. 

The second author is grateful to the European Algebraic Geometry Research Training Net- 
work (EAGER) for the financial support of a visit in Amsterdam in November 2001 when the 
research for this paper was started. He further thanks the University of Amsterdam for its 
support and hospitality during two visits in November 2001 and April 2003. 

1 Filtrations and Flags 

(1.1) Throughout this section, p is a prime number and g is a fixed power of p. For a scheme S 
of characteristic p we denote hy Fs'.S S the morphism which is the identity on the underlying 
topological space and the homomorphism x x'' on the sheaves of rings. For an Og-module 
M we set M(«) = F^M. 

(1.2) Let 5 be a scheme, and let M be a locally free 0s-module of finite rank. By a descending 
filtration C* of M we mean a sequence (C)igz of C'5-submodules C M such that is locally 
on 5 a direct summand of C*^^ and such that = M for z -C and = (0) for i ^ 0. We 
set grJ-,(M) = gr^ = C^/C^~^^. We have an analogous definition of an ascending filtration D,, 
with associated graded modules gr^(M) — grf = Di/Di-i. 

(1.3) Let M be as above. A flag of M is a set A of Og-submodules of M which are locally 
direct summands, such that A contains (0) and M and is totally ordered by inclusion. Every 
(descending or ascending) filtration C defines a flag by forgetting the enumeration. 

The set of flags of M is partially ordered by inclusion. We say that A is a refinement of A' 
if A D A'. 

(1.4) Let 5 be a scheme and let C* be a descending filtration of a locally free Os-module M of 
finite type. For s G S*, consider the function r^. :Z Z^q given by m 1-^ dim^(g) (grj^^gi^j'^j). As 
the gr™ are locally free, the function r: s 1— > Tq. is locally constant; it takes values in the set of 
maps Z — > Z^o with finite support. We refer to r as the type of the filtration. If S is connected 
then r is given by a single function Z Z^o with finite support. 

A similar definition applies to ascending filtrations. 

(1.5) Definition: Let S be an F^-scheme. An F-zip over S is a. tuple M = {M,C* ,D,,ip,) 

where 
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- M is a locally free Og-module of finite rank, 

- C* is a descending filtration of M, 

- Dt is an ascending filtration of M, 

- if, is a, family of Og-linear isomorphisms 

Vn. (gr&)(«) ^ gr^ 

for n G Z. 

The rank of M is called the height of M_. The type of the filtration C* is called the type 
of M. 

We have the obvious notion of a morphism of i^-zips (morphisms are not required to be 
strict for the filtrations) and hence get the category of -F-zips over S, which is an Fg-linear rigid 
tensor category. Note that this category is not abelian. 

(1.6) For an Fg-sclicmc S, let F-zip(S') be the category which has as objects the i^-zips over 5* 
and as morphisms the isomorphisms of i^-zips over S. For a morphism of schemes f:T-^S 
we have an obvious puUback functor /*:F-zip(6') — > F-zip(T). In this way we obtain a stack 
F-zip, fibered over the category of Fg-schemes endowed with the fpqc topology. 

(1.7) Proposition: The stack F-zip is a smooth Artin stack over ¥g. If t-.Z is a 
function with finite support, the substack F-zip"^ of F-zips of type r is an open and closed 
substack of F-zip and we obtain a decomposition 

F-zip = F-zip'^ . 

r 

The Artin stacks F-zip"^ are quasicompact. 
The easy proof is omitted. 

(1.8) Example: Assume q = p and let S = Spec(i?) with R a perfect ring of characteristic p. 
Consider a BTi-Dieudonne module over S, by which we mean a triple {M, F, V) with M a 
projective ii-module of finite type, F: M — > M an Probfl-linear map, V:M—>Man Prob^^- 
linear map, such that Ker(F) = Im(F) and Im(F) = Ker(y) are locally direct summands 
of M. 

The category of BTi-Dieudonne modules can be identified with the category of F-zips whose 
type T has support contained in {0,1}: To {M,F,V) we associate the F-zip (M, C*, £>,, (p.) 
with 

C° = M D = Ker(F) D C2 = (0) 
£)_i = (0) C Do = lm{F) c Di=M, 

with (fo: {M / Ker{F))^^^ M the (linearization of the) isomorphism induced by F, and 
ipi:Ker[F)^P^ M/Im(F) the inverse of the (linearized) isomorphism induced by V. 

(1.9) Standard F-zips: We fix an integer n ^ 1 and a map r:Z Z^o with Xliez'''(^) ~ 
Let ii < ■■■ < V be the support of r and J = {rir, ■ . ■ ,ni) be the ordered partition of n 
with rij = T{ij). (Note the order of the rij.) Let W = Sn he the group of permutations of 
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{1, . . . ,n} and consider Wj = Sn^ x • • • x Sm as a subgroup of Sn in the usual way. We set 
rrij =ni + h . Let x £W he defined by 

x{i) = i + rrij + rrij-i — n, if n — nij < i ^ n — nij-i , 

i.e., X is the element of minimal length in woWj, where wq is the longest element in W. Finally 
let -^W^ be the set of permutations u gW with the property that 

u~^{n — rrij + 1) < u~^{n — mj + 2) < ■ ■ ■ < u~^{n — rrij-i) 

for all j = 1, . . . , r, i.e., "^W consists of those u G W which are of minimal length in their left 
coset Wju. 

To r and u e -^W we associate a standard F-zip = (M^, (C*);f, (£>.)«, over Fp, 

where 

• m:^ = , 

• (C")" is the unique filtration of type t such that the associated flag is given by 

F" -1 w{uWM2),---M™'r—l)} -^ |n'{M(l),«(2),...,'u(m,._2)} 
p p p 

D • ■ • D ]F{"(l)>"(2).--->"("il)} -) ^Q^ ^ 

• (-D.)" is the unique filtration of type r such that the associated flag is given by 

(0) C J7U.---."-'"'--!} ^ jp{l,...,Ti-rnr-2} (2 • ■ • C ]FU.---."-mo} _ ]pn ^ 

• (ifi)" is zero for i ^ {ii, . . . , ir} and for i = ij it is the isomorphism 

^gj-^^b) _ ]p{«(m,-j + l),...,«(m^-j+i)} ^1:^ gj.D _ ]p{n-m^_j+i + l,...,n-m^_j} 

induced by the permutation matrix associated to x~^u~^. 



2 The relative position of parabolics over an arbitrary base 

In this section we introduce some notations and collect some facts about parabolics of a reductive 
group G over an arbitrary base. At the end we explain all these notions for the case G = GL„. 

(2.1) Let G be a group, X C G a subset and g d G. Then wc set — gXg^^. 

If P is a parabolic subgroup of some reductive group scheme, we denote hy Up its unipotent 
radical. 

(2.2) Let be a field and let fc'^'^P be a separable closure of k. Recall that the functor X i-^ 
X{k^^P) gives an equivalence of the category of (finite) etale fc-schemes with the category of 
finites discrete sets endowed with a continuous action of Ga.\{k^^P / k) . 

(2.3) We fix the following notations: Let fc be a field and let fc^°P be a separable closure of k. 
We denote by S an arbitrary A;-scheme. If X is a /s-scheme, write Xs := X Xk S. 

Let G be a connected quasi-split reductive group over k. We denote by {W,I) the Weyl 
group of the abstract based root datum of G, together with its set of simple reflections. It is a 
finite Coxeter system carrying a continuous action of Gal{k^'^P / k) . 
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For subsets J, K c I we denote by Wj the subgroup of W generated by J and by -^W^ 
the set of elements w €W that are of minimal length in their double coset WjwWk- We write 
JW = -'VF® and W'^ = '^W^ . 

(2.4) Let Par be the smooth proper fc-scheme that parametrizes the parabolic subgroups of G. 

It carries a G-action and the fppf quotient G\Par is representablc by a finite etale fc-scheme "D, 
see SGA3 ([7], Exp. XXVI, section 3, where V is called P(Dyn(G))). We denote by 

t:Par — > V 

the canonical morphism. For P G Par(5) we call t(P) e ■^'(•S') the type of P. If J is a section 
of T) over S we denote by Parj = t~^(J) C Parg the scheme of parabolics of type J. 

Under the equivalence of (2.2), the scheme 1) corresponds to the powerset of / with its 
natural Gal(fc*^°P/A:)-action. For J C I we obtain the usual notion of parabolics of type J. The 
section of V corresponding to the empty subset of / is defined over k and is the scheme of 
Borel subgroups of G. 

We denote by T' — > Par the universal parabolic subgroup and for J e 'D{S) we write Vj for 
its puUback to Parj ^ Par. We denote by Uj the unipotent radical of Vj. 

(2.5) Let 5 be a fc-scheme. Let P and Q two parabolic subgroups of Gg. We say that P and 
Q are in standard position if the following conditions hold (which are mutually equivalent by 
[7], XXVI, 4.5): 

(1) The intersection P fl Q is smooth. 

(2) Locally for the Zariski topology on the basis, P DQ contains a maximal torus of G. 

(3) Locally for the fpqc-topology on the basis, P H Q contains a maximal torus of G. 

Let SV he the subfunctor of Par x Par of pairs (P, Q) that are in standard position. By loc. 
cit., SV is representable by a smooth quasi-projective scheme over k. If S is the spectrum of 
a field, any two parabolics of Gs are in standard position. Hence the monomorphism SV — > 
Par X Par is bijective. In fact, it can be shown that SV is the disjoint union of the G-orbits in 
Par X Par, in the scheme-theoretic sense. For sections J, K G 'D{S) we denote by SVj^k the 
inverse image of Parj x Par if in SVs- 

The group G acts on SV by simultaneous conjugation. The fppf quotient G\SV is repre- 
sentable by a finite etale fc-scheme TZV. Let 

r: SV — > TZV 

he the canonical morphism. There exists a unique surjective morphism of finite etale A;-schemes 
q: TZV T> x T> such that the diagram 

SV TZV 

Q 

Par X Par D x D 

is commutative. 

On fc^'^P-valued points we have 

J,K<ZI 
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as sets with Gal(fc^''P/fc)-action, and -^W^ = q ^{J,K). Hence we obtain a morphism l: TZV — > 
W whose restriction to q~^{J, K) is the inclusion ■'W^ ^ W. We set 

relpos := lot: SV — > W . 

Whenever we write relpos(P, Q) it shall be understood that P and Q are in standard position. 
For X & W we define SV^ := relpos"^ (a;). 

(2.6) Over fc'^'^P (or any other separably closed extension of k) we can describe the morphism 
"relpos" as follows: We use the canonical isomorphism of the Weyl group of the abstract root 
datum of G with the set of G(fc'''=P) -orbits in Par0(fc"'=P) x Par0(A;"'=P). For (B, B') e Par0(fc"'=P) x 
Par0(fc'*'*P) we denote by relpos(S,B') e W the corresponding G(A;^''P)-orbit. 

Now let J and K be arbitrary subsets of I. For P G Parj(A;'^P) and Q G Parx(A;'^P) the 
relative position relpos(P, Q) G -^W^ is the unique minimal element (with respect to the Bruhat 
order) in the set 

{relpos(B, B')\B d P, B' d Q] . 

The map (P, Q) ^ relpos(P, Q) gives a bijection between the set of G(A:'**'P)-orbits in Par j [k^^'^) x 
Par/f (A:'''=P) and the set -^W^. 

Alternatively we can compute relpos(P, Q) as follows: Choose a maximal torus T which is 
contained in PCiQ. The choice of T provides an identification of W with Ng{T)/T. There exists 
an n G Ng{T) such that P and n{Q) contain a common Borel subgroup and the class of n in 
Wj\W/Wk depends only on (P, Q). Its unique representative in ■^W^ is equal to relpos(P, Q). 

(2.7) For (P, Q) e iSP(5) define the refinement of P with respect to Q to be 

RefQ(P) := (P n Q)Up = Up{P n Q) . 

This is again a parabolic subgroup of G whose unipotent radical is Up{P fl Uq) = (P fl Uq)Up. 
Indeed, it suffices to show this locally for the fpqc topology hence we can assume that P DQ 
contains a split maximal torus. Then the proof is the same as in [1], 4.4. 

We refer to (2.13) for the description of Refg(P) in the case that P and Q are parabohcs of 
GLjv- 

Suppose P G 'Pj{S) and Q G VKiS) are in standard position, with relpos(P, Q) = w G ^W^ . 
Then RefQ(P) is of type J n "^K. 

(2.8) Let P and Q be two parabolic subgroups of Gs- We say that P and Q are in good position 
if the following equivalent assertions hold: 

(1) Zariski-locally on the basis, P and Q contain a common Levi subgroup. 

(2) fpqc-locally on the basis, P and Q contain a common Levi subgroup. 

(3) P and Q are in standard position and for every geometric point s of 5 we have that Pg 
and Qa contain a common Levi subgroup. 

(4) P and Q are in standard position and for every geometric point ,s of S we have Jg = 
^^{Kg), where Jg and Kg are the types of Pg and Qg, respectively, and where Wg = 
relpos(Ps,(5s). 

(This corresponds to what in [18], section 3, was called "in optimal position".) 
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(2.9) Lemma: Let J, K c I be sets of simple roots and let x € ^W^ be such that K = ^ J. 

Let Q he a parabolic subgroup of Gs of type K and let M be a Levi subgroup of Q. Then there 
exists a unique parabolic subgroup P of Gs of type J such that M is a common Levi subgroup 
of P and Q and such that relpos((5, P) = x. (In particular, P and Q are then in good position). 

Proof : Let P and P' be two parabolics of type J such that relpos(<5, P) = relpos(<5, P') = x 
and such that M c P C\ P' . Then it follows from [16], 8.4, that relpos(P,P') = 1 and hence 
P = P'. This proves the unicity. 

We omit the proof of the existence as we will not need this in the sequel. 

(2.10) Lemma: Let P and Q be two parabolics of Gs which are in good position. Then we 
have UpnQ = Upr\ Uq. 

Proof : The question is local on S for the fpqc topology; hence we can assume that there 
exists a common Levi subgroup of P and Q whose connected center is a split torus. Now the 
proof is the same as in [16], 8.6. 

(2.11) Let P G Parj(S') and Q e Vbxk{S) with K = J where wq is the longest element of W. 
Let X be the element of minimal length in the double coset WjWqWk- Then P and Q are in 
opposition (i.e., Pfl Q is a common Levi subgroup of P and Q), if and only if relpos(P, Q) = x. 

(2.12) Let P and Q be two parabolics of Gs which are in good position. Then every parabolic 
subgroup P' of P is in standard position with Q and we have relpos(P', Q) = relpos(P, Q). The 
maps P' I— > Refp'(Q) and Q' i— > RefQ'(P) define mutually inverse bijections 

{parabolic subgroups of P} < — > {parabolic subgroups of Q} . 

Moreover, P' and Refp'(<5) are in good position and we have 

relpos(P', Refp/ (Q)) = relpos(P, Q) . 
In particular we see that Refp(Q) = Q. 

(2.13) Example: Let G = GL„. Then G is split over k. Associating to a flag in Og its 
stabilizer defines an isomorphism between the scheme of flags and the scheme Par. We use this 
isomorphism to identify flags in Og and parabolics of Gs- 

The Weyl group W can be identified with Sn such that / is the set of transpositions = 
(aa + l)forQ;=l,...,n— 1. Ifr = (F*) is a fiag such that all have constant rank, its 
type J C I is determined by the rule that Tq, ^ J if and only if there exists an index i with 

Let r = (F*) and A = (A-') be two flags in Og. Then the following conditions are equiva- 
lent: 

(1) The parabolics associated to F and A are in standard position. 

(2) For all i and j, the submodule F* + A-' C Og is locally a direct summand. 

(3) Zariski- locally on 5* there exists a basis {ei, . . . , e„} of Og, such that for all i and j there 
exists a subset lij of (1, ... , n} with F* + A-' = ®ae/i , ■ 

If these conditions are satisfled, the relative position of F and A is completely determined 
by the function i-> rkos(r' + A-?'). 
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As an example, for J, K c I, let x be the element of minimal length in WjWqWk, where 
Wo is the longest element in W. Let F and A be flags of types J and K, respectively, which are 
in standard position. Then we have 

relpos(r. A) = 1 <^ rko5(r + A-') = max(rkog(r), rkog(A^)) for aU i, j , 

and 

relpos(r. A) = a; <s=^ rkos(P + A-?') = min(n, rke.s(P) + rkos(A-')) for aU i, j . 

If r and A are flags in standard position with stabilizers P and Q, respectively, the flag 
corresponding to Ref q(P) is given by the collection of submodules (F'"^ n A-') + F' for all i 

and j. This is a refinement of the fiag F. 

If r is a flag with associated parabolic P, the choice of a Levi subgroup of P corresponds to 
the choice of a decomposition Og = 0j=i Mj such that F* = 0j>j ■^7r(j) for some permutation 

TT G Sr- 

3 A semi-linear variation on a theme of Lusztig 

In this section we consider a reductive group G over F^. As in Lusztig's paper [16], we define, 
for J a set of simple reflections in the Weyl group, a variety Zj equipped with an action of G. 
This is a semi-linear variant of the variety examined by Lusztig. The main result of this section. 
Theorem (3.25), concerns a classification of the G-orbits in Zj. This result will be used in the 
next section to prove our main classification theorem for F-zips. 

Throughout this section, g is a fixed power of a prime number p, and 5 is a scheme over F^. 
Note that in [16], Lusztig writes P^ for what we call RefQ(P). 

(3.1) Let G be a possibly disconnected reductive group over Fg and denote by G its identity 
component. We keep the notations of (2.3); note that G is indeed quasi-split. Further we fix a 
connected component G^ of G. Let F be an algebraic closure of Fg and denote by cr: a; i— > a;' the 
arithmetic Frobenius in Gal(F/Fg). It acts on (W.I). 

There is a unique Gal(F/Fg)-equivariant isomorphism 5: {W, I) {W, I) of Coxeter systems 
such that for aU g e G^{¥) and P e Pj(F) we have sp e P5(j)(F). 

If there is no risk of confusion we simply write F-.G^G for the morphism F^:G ^ = G 
that was defined in (1.1). It is an endomorphism of G. 

(3.2) We fix the following data: Let J and K be subsets of / and x gW such that ^6{J) = K 
and X G ^W^^'^\ We assume that J and x (hence also K) are defined over Fg, i.e., cr(J) = J 
and a{x) = x. 

(3.3) Let Zj be the Fg-scheme given by the cartesian square 

Zj > SV 

£ 

Parj X F&tk x G^ — > Pa.TK x Par5(j) 
where the morphism / is given on points by {P,Q,g) i— > [Q,^F{P)). If S is an Fg-scheme then 
the S'-valued points of Zj are the triples (P, Q, g) with P and Q parabolics of Gs of types J 
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and K, respectively, and with g e G^{S) an element such that Q and ^F{P) are in relative 
position X. In particular, Q and ^F{P) are then in good position; see (2.8). The forgetful 
morphisni (P, Q, g) ^ (P, Q) makes Zj into a scheme over Par,/ x Paxx- 
We define an action of G on Zj given on 5'-valucd points by 

h-{P,Q,g) := {^P,''Q,hgF{h)-'). 

It is easily seen that this is well-defined. 

(3.4) For u e ■^W^, let Z^ be the subscheme of Zj of triples (P, Q, g) with relpos(P, Q) = u. 
The natural morphism 

II z:}^zj 

is a bijective monomorphism. 

Fix u G ■^W'^. Let L := 6{J n "^,5( J)) = (5( J n "iiT) and consider the morphism h: Z^ 
Par/f X Pari, given on points by (P, Q, g) i— > (Cj, sF{ReiQ{P))) . Define a scheme Yf by the fibre 
product diagram 

y« ^ SVk,l 

1 1 

Z"} Par/f X Pari . 

On points this means that we are considering triples (P, Q, g) in Zj with the additional require- 
ment that Q and sp (Ref q(P)) are in standard position. 
Note that the G-action on Zj preserves Zj and Yj. 

(3.5) Let 

Ji := Jn''^(5(J) = Jn"i(' and ifi := ^(5(Ji) . 
Define a morphism d: ^ Zj, by i?(P, Q, = (Pi, Qi, g) with 

Pi := RefQ(P) and Qi := Ref<,F(RefQ(P))(<9) = R.efsF(Pi)((3) • 

To see that •& is well-defined, we need to check that Pi and Qi are parabolics of types J\ 
and Ki^ respectively, and that relpos((5i, ^P(Pi)) ~ x. That Pi has type Ji is immediate 
from (2.7). Next remark that 9P(Pi) C »P(P), so by (2.12) we have rclpos(Q, ^ P(Pi)) = x. 
Again using (2.7) we then easily verify that Q\ has type Ki, and by (2.12) we conclude that 
relpos(Qi,sP(Pi)) = x. 

(3.6) Consider a sequence u = {uq,u\, . . .) of elements of W . Define a sequence of subsets 
J„ C / by setting Jq := J and J„+i := Jn H ""'^(5(J„). Set Kn ■= ^6{Jn)- Let T(J) be the set 
of sequences u = {uq, ui,. . .) such that for all n ^ we have 

(3.6.1) Un e -'"W^" and m„+i e Wj^^,UnWK„ ■ 

(These conditions imply that in fact u„+i G UnWK„-) By construction, J„+i C J„ and Kn+i C 
ir„ for all n. Hence there exists an index N such that Jn+i = Jn and Kn+i = for all n ^ N. 
Writing J^o ■= Jn and Koc ■= Kn for n » 0, we find that Jqo = "".f^oo for N. If u G T(J) 
and N then the two conditions in (3.6.1) readily imply that u„+i = Un- Set Uoo := Un for 
any N. 
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(3.7) Lemma: The map T{J) — > W defined by u>-^ Uoo gives a bijection T{J) ■^W. 

Proof : Set J = Kq and J' = J and let s be the automorphism w d{x~^wx) of W. Then 
the set T(J) is nothing but Lusztig's set T{J,e) as defined in [16], 2.2, and our claim follows 
from [16], 2.5. 

(3.8) Let u = {uo,ui, . . .) e T{J). Let A''(u) be the smallest non-negative integer such that 
Jn+i = Jn for all n ^ iV(u); as we have seen this implies that also Kn+i = Kn and Un+i = Un 
for all n ^ A''(u). 

For r ^ wc write (wr, u^+i, . . .), which is an element of T(Jr). In particular, u = Uq. 

Note that iV(ur) = max{0, iV(uo) - r}. 

By induction on ^^'(u) we now define schemes Yy together with morphisms Yy ^j"- If 
N{v) = then we set Yj := F"", mapping identically to itself. Next assume that A''(u) = A'' 
and that for all i C / and v € T{L) with A''(v) < N the morphism of schemes Y^^ Y^° has 
been defined. Then we define Yy by the fibre product diagram 

Yy — ^ 



On points this means the following. If iV(u) = then u = {u,u,...) is a constant se- 
quence, and wc just consider the scheme Yy. Next suppose A^(u) = 1, which means that 
u — {uq, ui, Ml, . . .) for some uq ^ u\. In this case, the points of Yy are the points (P, Q, g) of 
Fj" such that the associated triple (P\^Q\^g) := ■d{P,Q,g) lies in Fj^^ ^ Zj^. In general we 
have a diagram 

yyo ^ Zj 

■CrUl ^ 

' ^-^2 



and the points of Yy are those triples (P, Q,g) in Yy° that under each subsequent map i? land 

inside Yj^ Zj^. 

Note that the map Yy —>■ Yy is a monomorphism and that the G-action on FJ* ° pre- 
serves Yy. 

(3.9) Let u = (uo, wi, • • •) € T{J) and set u = uq- The schemes 

(3.9.1) Yy ^ Yy ^zy^Zj 

are schemes over Parj x Par/^. Recall that wc denote by Vj the universal parabolic group 
scheme over Parj and by Uj its unipotent radical. Then F{Vj) is again a parabolic subgroup 
scheme of G x Parj over Parj, which has F(JAj) as its unipotent radical. (In fact, as J is 
defined over Fg, so is Parj, and FilAj) is none other than the pull-back of Uj via the morphism 
Pparj:Parj Parj.) 
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Write Uj^K for the scheme F{Uj) x Uk, but with a new group scheme structure given on 
points by {vi,V2) ■ {vi,V2) = (t^i'yi, %i'2)- Then Uj^k acts from the left on all four schemes 
in (3.9.1) by 

{vi,V2) ■ {P,Q,9) = {P,Q,V2gvi) . 

We define 

(3.9.2) Yy ' — > Yy ' — > ' — >Zj 

to be the fppf quotient sheaves of the schemes in (3.9.1) by this action ofUj^K- More informally 
we could write Zj = Uk\Zj / FilAj), and similarly for the other quotients. If (P, Q.,g) S Zj{S) 
then we write [P, Q, g] for its image in Zj{S). 

It readily follows from the definitions that the G-action on Zj induces a G- action on Zj, 
and hence on all other quotients in (3.9.2). Further it follows from [7], Exp. XXVI, 2.2 that for 
an affine scheme S the canonical morphism Zj{S) — > Zj{S) is surjective. 

(3.10) Our next goal is to show that the sheaves in (3.9.2) are representable by schemes. 

The quotient Vj/Uj is representable by a reductive group scheme over Parj. Let H be 
defined by the cartesian diagram 

H Vj/Uj 




Par J X VaxK — > Par j , 

with a given by {P,Q) F{P)- For an aflane scheme S, the 5- valued points of H are given 
by triples (P, Q, y?7i?(p)(S')), where P and Q are parabolic subgroups of Gs of types J and K, 
respectively, and where y G P(P)(/S'). 
Define a right action 

X(ParjxParK) ^ ^ 

as follows: For an affine scheme S, a point z = [P, Q, g] G Zj{S), and h = (P, Q, yU f{p)) G H{S), 
we set 

z-h=[P,Q,gy]&Zj{S). 

(3.11) Lemma: This action makes Zj into an H-torsor over Parj x Par^ for tie Zariski 
topology. 

Proof : Let P G Par,/ (5*) and Q G Par k{S) and suppose we have g, g' G G^{S) such 
that relpos((3, ^P(P)) = relpos((5,^ = ^- Locally on S we can find b G Q such that 

g' G bgF{P). Let M be a common Levi subgroup of SF{P) and Q (which we can find Zariski- 
locally on S, as ^P(P) and Q are in good position). Then we have b = vm with v G Uq and 
m G M. As M c ^P(P), we have g' G vmgF{P) = vgF{P). This proves that the action is 
transitive. 

Now assume that for g G G^ with relpos((5, ^P(P)) = x there exist elements y, y' G F(P) 
such that gy' G UQgyUp(^py Then possibly after multiplying y from the right by an element 
of Uf(p) we may assume that there is a w G f/g with gy' = vgy. But then v & Uq Ci 3F{P) = 
Uq r\^UF{p), where the last equality holds by (2.10). Hence there exists a u' G Uf{p) such that 
V = gv'g~^. This gives that y' G Uf(p) ■ y = y ■ Uf{p), proving that the action is free. 
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(3.12) Corollary: The fppf sheaves Yj, Yj, Zj and Zj are representable by schemes. 

(3.13) Lemma: The morphism Yj Zj^ induces a morphism i?: Yj — > Zj^. 

Proof : Let {P,Q,g) be an ^-valued point of Yj, and let {Pi,Qi,g) be its image under ^. 
Then Pi C P and Qi C Q, so Up(^p-^ C Upf^p^^ and Uq C Uq^ . But then it is immediate from the 
definitions that the composed morphism Yj — > Zj^ Zj^ factors modulo the action of Uj^k- 

(3.14) Let u = {uo,ui,U2, ■ ■ ■) £ T{J). For n > let u„ = (m„, u„+i, . . .) € T{Jn). As an 
immediate consequence of the definition of the schemes Yj and their quotients Yj we obtain 
G-equivariant morphisms 

inducing G-equivariant morphisms 

1?: yj*" ^ Yj^'*' . 

(3.15) The natural map LJu£-7-(j) Zj is a bijective monomorphism. Passing to quotients 
modulo Uj^K we readily find that lJugr( j) Zjisa bijective monomorphism, too. (Use that 
Zj — > Zj is surjectivc on underlying topological spaces.) In particular, if k is an algebraically 
closed field then we have a bijection 

U Yy{k)^Zj{k). 

uer(,/) 

Our main goal for the rest of this section is to show that the G-action on the schemes Y^ is 
transitive. Along the way we shall also compute the dimension of the schemes Yy. 

(3.16) Lemma: The morphism Yj^ — > ^jl+t^ ^® isomorphism. 

Proof : Without loss of generality we can assume n = 0. Suppose ^{P, Q, g) = ^{P', Q', <?') =: 
{PiiQi, gi)- Clearly g = gi = g' . Further, P and P' are parabolics of the same type, and they 
both contain Pi; hence P — P' . The same argument shows that Q = Q'. Hence d is a 
monomorphism. 

Now let {Pi,Qi,g) be an 5- valued point of YjK Let P be the unique parabolic of type J 
that contains Pi, and let Q be the unique parabolic of type K containing Qi. These exist by [7], 
Exp. XXVI, 3.8. Then (Pi, Qi) is in standard position, P D Pi, and Q D Qi] hence (P, Q) is in 
standard position, too. In a similar way we see that (^P(RcfQ(P)), Q) is in standard position. 

By definition of T(J) we have relpos(Pi, Qi) G uWk with u = uq £ ■^W^ . It follows 
that relpos(P, Q) = u. Similarly, as x 

g if^i(J) and relpos(Qi,9P(Pi)) = X, we also have 
relpos((5, ^P(P)) = X. Hence it remains to see that RefQ(P) = Pi and Refgi?(Pj)((5) = Qi- For 
this we may work fppf-locally on S. 

We write relpos(Pi, Qi) = uw with w G Wk- Working fppf-locally wc can assume that Gs is 
split and hence we can find Borel subgroups B C Pi and G C Qi such that rclpos(i3, G) = uw. 
As we have £{uw) = i{u)+£{w), there exists a Borel subgroup D of Gs such that relpos(i3, D) = 
u and relpos(£',G) = w. As C c Qi C Q and w G Wk, we see that D G Q. As B c P and 
D c Q and relpos(B,Z)) = relpos(P, Q), we have B c RefQ(P). But then Pi and RefQ(P) 
have the same type and have a Borel subgroup in common; hence they are equal. 
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It remains to be shown that Qi = RefgF(Pi){Q)- Set Q'l := BjefgF{Pi){Q)- By (2.12) we have 
relpos(0i,9F(Pi)) = x = re\pos{Q[,3 F{Pi)) , so there exists an /i € <'F{Pi) with Qi = ^Q[. 
Moreover we have ''Q D ^Q'l = Qi and Q D Qi and hence '^Q = Q. Therefore, 

Ql = ^Q'l = ''R.efaF(Pi)(<3) = R'efair(Pj)((5) , 

and the proof is complete. 

(3.17) Lemma: The morphism 1?:^^" — > ^Jn+i ^^'^"ces an isomorphism of fppf quotient 
sheaves 



Proof : Without loss of generality we can assume n = 0. We consider 5- valued points, where 

S is an afRne F^-scheme. Note that the quotient map Yy-{S) Yy-{S) is surjective by [7], 
Exp. XXVI, 2.2. Further let us recall that for (P, Q, g) e Yy{S) we denote by [P, Q, g] its image 
in 17. 

By (3.16) we only have to show that ^? is a monomorphism. Let [P,Q,g\ and [P' ,Q' ,g'] be 
two ^-valued points of Yf such that i?([P, Q, g\) and t?([P', Q' , g']) are in the same G(6')-orbit. 
We want to show that [P,Q,g] and [P' ,Q' ,g'] arc fppf-locally in the same G(S')-orbit. As is 
G-equi variant, we can assume that '&{[P,Q,g]) = t!?([P', Q', g']) =: [Pi.Qi. gi]. 

As P and P' have the same type and both contain Pi, we get P = P'. Similarly, Q = Q' . 

By definition, relpos(Q, 9P(P)) = relpos(Q, 9'F(P)) = x; hence 9p(P) and a' F{P) are both 
in good position to Q. Let L (resp. L') be a common Levi subgroup of ^F{P) and Q (resp. of 
3'F{P) and Q). There exists a unique ^gUq with «L = L' ([7], Exp. XXVI, 1.8). By (2.9) this 
implies that «»P(P) = s'P(P), and therefore ^g e 5'P(P). We can replace g by ^5 and write 
g' = gy with y G F{P). In particular, we now have fP(P) = f P(P). 

We have 

R-Cfsj^(RcfQ(P))((3) = Ql = R-efs/^(RefQ(p))((5) 

and this is a parabohc subgroup of Q. As Q and 3F{P) = ^ F{P) are in good position, (2.12) 
implies that sF(Refg(P)) = s'P(RefQ(P)); in other words 

9p(Pi)=»'P(Pi). 

By hypothesis, g' G UQ-^gUp(^p-^), at least fppf-locally. Hence can write g' ~ vgti with 
V e Uq^ = {Ugpf^p^y n Q)Uq and u e Upf^p^y Changing 51 on the left by an element of Uq, we 
may assume that v S Ugpt^p^) n Q. Write v = gu'g^^ with u' £ Upi^p^) and replace u by u'u. 
Then we have g' = gu with u S Up(^p^) = Up^^p) {F{P) (1 Up(^Q)); see (2.7). 

Write u = U1U2 with ui G Up^p) and U2 G -F(P) fl Up^^Qy Replacing g by gfUi and u by U2 
we can further assume that 

(3.17.1) 9' = gu, with u e P(P) n Up^Q) . 

Note that we did not use the G-action so far. 

To finish the proof, all we now have to remark is that fppf-locally on S we can write u = F{v) 
with V G P DUq {as F: P DUq ^ P{P) ^ ^f{Q) is an epimorphism of fppf sheaves), and then 

■ [P,Q,g] = [^~'P,^-"Q,v-'gF{v)] = [P,Q,v-'g'] = [P,Q,g']. 
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Hence i? is indeed injective. 



(3.18) Lemma: Let S be an affine scheme. For [Pi , Qi,gi] G F"/ {S), choose [P, Q, g] G 17(5) 
with ^?([P, Q,£f]) = [Pi,Qi,gi]. (This is possible by (3.16) and the surjectivity of the map 
Yy^^{S) — > Yj^^{S).) Then we have a well-defined morphism 

K:F(P)nC/f(Q) ^i?-i([Pi,Qi,5i]) 

given on points by v [PtQ, gv], and this induces an isomorphism 

(P(P) n [/^(Q)) / ([/F(P)nc/^(Q)) ^t?-i([Pi,Qi,5i]). 

Proof : It is easy to check that K is well-defined. The arguments of (3.17), resulting in the 
relation (3.17.1), show that k is an epimorphism of sheaves. 

It is clear that if t; = v'y for some y G Uf(p) then k{v) = k{v'). Conversely, assume that 
k{v) = k{v'). Then we have 

gv' G UQgvUF(p) = UQgUF{p)V, 

so we may write gv' = wguv with w G Uq and u G Uf{p)- But then w = gv'v~^u~^g~^ G 
UQnsF{P), so 

wgug-'^ G (i/g nSP(P))SC/ir(p) = C/RefQ(9F(P)) = Ugpi^p) , 

where the last equality holds because Q and ^F{P) are in good position. It follows that wgu = gy 
for some y G Upf^p-^ ; hence v' = yv £ Upf^p-^ . v = v . Upf^p-^ . 

(3.19) Let Vj and Vk be the universal parabolic subgroups over Parj and Par^^, respectively. 
Define an action of FCPj) fl Up^pj^-^ on Zj over Parj x PaiK by 

viP,Q,g) = {P,Q,gv). 

For u G -^W^ this action preserves Yj ^ Zj. Moreover, ^(v ■ {P,Q,g)) = ^{P,Q,g), so 
FCPj) n Uf(j7^) acts on the fibres of Obviously, this action descends to an action on Zj 
and Yj. Hence for a scheme S over Parj x Par^^ and a section y G Yj{S), we have that 
{F{Vj) n UF(j,^))g acts on the fibre i?-^(i?(y)). Now (3.18) shows that i?"^ (i?(t/)) is a torsor 
under the affine group scheme (F{Vj) n Uf(j:>j^)) / (Uf(^Pj^ fl Up{j>j^)) g. Moreover, 

{F{Vj) n C/^(p,)) / (Up^rj) n t^F(P.)) ^ {F{Vj) n Up^rK))UFiVj) I Up^vj) 

Hence the dimension of the fibres of "& equals 

dim(P(Z^jJ) - dim(P(i^j)) = dim(W,7j - dim(W,7) = dim(Par jj - dim(Parj) . 
Repeating this argument, we obtain a chain of morphisms 

yu '^i, yui 1^2^ _ _ _ i^oo^ yUoo 

J Jl Joo 

where each of the morphisms ■!?„ is a torsor under a unipotent group of dimension dim(Par ) — 
dim(Parj„_ J. 
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By (3.11) the forgetful morphism Tr:Zj^ Par 7^ x Paix^ is smooth and surjective of 

relative dimension dim(G') — 2dim(Parj^). The inverse image of SV^^ C Parj^ x Par^^^ 
under tt is nothing but = as all pairs (P, Q) £ SP^°° are in good position. 
In particular, we see that and hence Yy are nonempty. 

(3.20) Proposition: For u e T(J) let Uoo S '^W be the corresponding element as in (3.7). 
Then 

codim(yj", Zj) = dim(Parj) - £{u^) . 

Proof : By (3.19) we have 

dim(Fj') = dim(Parj^) - dim(Parj) + dim(y/~) 

= dim(Parj^) - dim(Parj) + dim(G) - 2dim(Parj^) + dim(5P"~) 
= dim(G) - dim(Parj) - dim(Parj^) + £{uoo) + dim(Parj^) 
= dim(G) - dim(Par j) + ((uoo) ■ 
On the other hand, (3.11) implies that dim(Zj) = dim(G) which proves our claim. 

(3.21) Suppose given an element u G ^W^ , rational over Fg, with the property that J = = 
"^^(J). The case we have in mind is when J = Joo, K = K^o and u = Uoo for some element 
u e T(Jo) as in (3.6). 

We fix a triple (Pq, Qq, Lq) consisting of a parabolic subgroup Pq C G of type J, a parabolic 
subgroup Qo C G of type K , and a subgroup Lq d G such that relpos(Po, Qq) = u and such that 
Lq is a common Levi subgroup of Pq and Qo- Such triples exists (rationally over F^) because G 
is quasi-split and J, K and u are all defined over Fg. Note in particular that P(Po) = Po and 
F{Qo) = Qo- 

Let Xj be the Fg-scheme whose 5- valued points are the elements g G (S) such that 

(1) relpos(Qo,»Po) =a;; 

(2) sLq = Lq: 

(3) Lq is a Levi subgroup of ^Pq. 

We have an action of Lq on Xy by left multiplication. We claim that this makes Xj an 
io-pseudo-torsor in the etale topology. (As we will see below, Xj is nonempty, so it is in 
fact a true Lo-torsor.) To see this, suppose we have g, h & Xj{S). Then relpos(Qo, ^-Po) = 
X = relpos((5o, ''^o) and Lq is a common Levi subgroup of Qo, ®Po and ^Pq. By (2.9) this 
implies that ^Pq = ^Pq, hence the element y := g~^h lies in Pa(S). But we also know that y 
normalizes Lq, so y lies in the normalizer of Lq inside Pq, which is Lq itself. 

(3.22) We have a second action of Lq on X", given on points hy y ■ g = ygF{y^^). (Note 
that ygF{y^^) is again in Xj, as F{y~^) is in F{Lo) = Lq C Pq.) We denote this action 
hy p:LoxXy^Xy. 

We have chosen Pq and Qq such that they are in good position; in particular, RefQ^ (Pq) = Pq. 
Hence if 5 e Xj then Qq and ^P(RefQo(Po)) = ^P(Po) = ®Po are in standard position and we 
obtain a well-defined morphism 

f:x:}^Yy, g^[Po,Qo,g]. 
Clearly / is equivariant with respect to Lo-actions, where we take the p-action on Xj. 
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(3.23) Lemma: Notation and assumption as in (3.21). The morphism G x Xj — > Yf given on 
points by 

is an epimorphism of fppf sheaves. In particular, if k is an algebraically closed extension field 
of¥q then every G{k)-orbit in Yj{k) meets the image of Xj{k) under the morphism f. 

Proof : The last assertion follows from the first because every fppf covering of Spec(A:) has 
a section. To prove the first assertion, let S be an Fg-schenie and let y € Yy{S). After fppf- 
localization on S we may represent y by a triple {P, Q,g) in Yj. Possibly after a further local- 
ization we can find an element 7 in G with '^Q = Qq. Replacing (P, Q, g) by {^P, '^Q, 75^(7"^)) 
we may from now on assume that Q = Qq. 

We know that relpos(P, Qo) ~ u = relpos(Po7 Qo)- Hence fppf-locally on S we can find 
r] E Qo with ^P = Pq. Replacing {P,Q,g) by (j'P,'^Q,r]gF{r]~^)) we arrive at the situation 
where P — Pq and Q = Qo- 

The assumption that relpos((5, ^P(P)) = x imphes that Q and ^F{P) are in good position, 
so fppf-locally on S there is a common Levi M of Q and ^F{P) = ^P. There is a unique v €Uq 
such that "M = Lq. Replacing g by vg we get that Lq is a common Levi of P, Q and ^P. But 
then there is a unique w G Up — Upi^p) with ^Lo = ^Lo- Replacing g by gw~^ we finally arrive 
at a triple (P, Q, g) that is in the image of X'j under /. 

(3.24) Lemma: Notation and assumption as in (3.21 ). The morphism ^: Lq x X^ — > Xj x Xj 
given on points by {y,g) 1— > {ygF{y~^),g) is finite etale and surjective. In particular, if k is an 
separably closed field then Lo{k) acts transitively on Xj{k). 

Proof: It follows from (3.23) and (3.20) that Xj is nonempty. Choose a finite field extension 

¥g C k such that X1j{k) ^ 0. It suffices to show that is finite etale surjective after base change 
to k. If g e Xj{k) then we get an isomorphism Lo.fe ^ ^jk by z zg, and ^ becomes the 
morphism Lo,fc x io,fe io.fe x Lo,fc given by (y, z) ^ {yzgF{y^^)g^^ , z) . 

Consider the morphism h: Lo,fc Lo,k given by y 1-^ yF{y^^)g^^ . We claim that h is finite 
etale and surjective. In fact, it sufiices to show this for the morphism /ii:io,fc — > Lo,k given by 
y H- > yF{y~^). By Lang's theorem, h\ is surjective. The fibres of hi are principal homogeneous 
under (right multiplication by) LQ(¥q), and using [17], Thm. 23.1 we find that hi, hence also h, 
is finite faithfully flat. Looking at tangent spaces we see that it is even etale. 

We view L^ k x -^o.fe as a scheme over Lo,fc via the second projection. Note that \1/ is a 
morphism over Lo,fe- After base change over the morphism h we obtain 

h*^:LQ^k X Lo,k Lo,k x Lo,k 

given on points by {c,d) 1— > [cdF{{cd)~^)g~^ , d) . Writing fi-.Lo x Lo ^ Lq for the group law, 
we have an isomorphism (/i, prj): Lq x Lq ^ Lq x Lq, and we find that h*'i' = (hx id) o (/i, pr2). 
Hence ft,* 5* is finite etale surjective, and since these properties are local for the fppf topology, 
the lemma follows. 

(3.25) Theorem: Let u G T{J) and let Uoo € "^W be the corresponding element as in (3.7). 
The G-scheme Yf is equi-dimensional of codimension dim(Parj) — i{uoo) in Zj. The group G 
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acts transitively on Yj, in the sense that the morphism 

GxY^^ryxVy, given by {g,y) ^ {y,g ■ y) 

is an epimorphism of fppf sheaves. 

In particular, for any algebraically closed extension k of Fg there is a natural bijection 
between the G{k)-orbits in Zj{k) and the set •'W. 

Proof : The dimension formula was proven in (3.20). It follows from (3.17) that the G-action 

is transitive on Yf if and only if it is transitive on Yy^°° = Yj°° . But this is the case because of 
(3.23) and (3.24). The last assertion now follows from (3.7) and (3.15). 

(3.26) Note that in Zj there is a unique orbit Z'j'^ of maximal dimension. Therefore this 

orbit is open and dense in Zj. We call Zf^ the ordinary orbit. There is also a unique orbit of 
minimal dimension, which is therefore a closed orbit; it has dimension dim(G') — dim(Par,/). 

In our applications to F-zips we shall have that (5 = id and K = ^'>J, where wq € W is the 
longest element. For x G ^W' we take the minimal representative of WkWqWj; this element 
is in fact the unique element of maximal length in ^W"^ . With these choices, if R is an Fg- 
algebra, Z'j'^{R) consists of those points \P,Q,g] in Zj such that relpos(P, Q) is the element 
of maximal length Umax = 6 '^W^ . Indeed, if relpos(P, Q) = "max then P and Q are in 
good position (2.8). Therefore [P.Q) = {Pi,Qi) = and we sec that = uq = Umax- 
Conversely, under the bijection of Lemma (3.7), the element Wmax G ■^W^ C '^W corresponds 
to the constant sequence u = (umax, Wmax, • • •)• 



4 Applications to F-zips 

(4.1) Fix an integer n > 0. Let V be an Fj,-vector space of dimension n. We shall apply the 

theory of Section 3 with G = G := GL(V^). (So q = p.) Let {W.I) be the Weyl group with its 
set of simple reflections; see Example (2.13) for an explicit description. 

If S is an F^-scheme, write Vs := V (g) Os and V^^^ := F^Vs = Vs ^Os,Fs Os- We have a 
canonical Og-linear isomorphism ^5: Vg'^ Vs hy {v iS) x) ^ y i—>- vS) x^y fov v & V and x, y 
local sections of Os. 

An 5- valued point of G is given by an Og-linear automorphism g oiVs- The Frobenius endo- 
morphism F: G — >■ G is given by F{g) = ^s° g^^^ °^s^^ where g^^^ = Fg{g) is the automorphism 

g(g,id of yj^^ 

We fix a function r: Z ^ Zj,o with X^igz '''(0 ~ ^* filtration of type r on V. 

The stabilizer Stab(G*) C G is a parabolic subgroup; its type J C / is independent of the choice 
of C*. We refer to J as the parabolic type associated to r. 

Let Wo S be the longest element, and set K := '""J. Let x € ^W"^ be the minimal 
representative of the double coset WkwqWj . It is easily verified that K = ^ J, so we are in the 
situation of (3.2). (Note that 6 is the identity.) 

(4.2) Let Xr be the scheme over ¥p whose S'-valued points are the triples {C*,D,,(p,) such 
that (Vs, C* ,D,,ip,) is an F-zip of type r. The group G acts on Xt-; on points: 

g ■ {C',D„ip,) = {g{C-),g{D,),i,,) , 
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where is the composition 

^Di/Di_i ^g{Di)/g{Di_i) . 
(4.3) Lemma: With notation as above, there is a G-equivariant isomorphism of Fp-schemes 

Xr > Zj. 

Proof : Consider the Fp-scheme Xt whose 5- valued points are the tuples 

with (C, £>.,(/?.) in X^, with {A'} a splitting of (C")^^) and {Bi} a splitting of D,. (By this 
we mean that {A'jigz is a collection of subspaccs of V^^^ such that (0^)^^^ = ®i-^jA^ for all j; 
similarly for {-Bi}.) We have a forgetful morphism X^ X^. 

We may view Xt, hence also Xr, as schemes over Parj x Parj<- by associating to {C , D,,ip,) 
the pair {P,Q) with P = Stab(C*) and Q = Stab(D,). Let Uj^k, with underlying scheme 
F{Uj) X Uk, be the group scheme over Parj x Par^ as in (3.9). It acts from the left on X^ 
over Xt by 

(«i,«2) • {C',{A%^^,D„{Bi}i^^,^,) = {C',{^s^u^Hs{A')].^^,D„{u2{Bi)].^^,^,) . 

The set of splittings of a filtration T* (descending or ascending) is principal homogeneous 
under the unipotent radical of the associated parabolic Stab(r*). Using this fact it readily 
follows that Xt is the fppf quotient of Xt modulo Uj^k- 

It remains to be shown that we have an isomorphism Xt — ^ Zj, equivariant with respect 
to both the G-actions and the Z^jj^-actions. Define a: Xt Zj by associating to an 5-valued 
point {C, {^*}»ez, D„ {-Bj.gz, <f,) the triple (P, Q, g) with P = Stab(C") and Q = Stab(£i.), 
and with g G G{S) the composition 

iyb) = A' ^ 0(gr^^)(.) ^0g,f - 0S, = . 

iez iez i£Z iez 

By construction, g{^siC*)^P^) is in opposition with D,; hence relpos[Q, ^F{P)) = x and a is 
well-defined. It is straightforward to check that a is equivariant with respect to the actions of G 
and Ujji. 

Next we define a morphism [3:Zj Xt- Start with an 5'-valued point {P,Q,g) G Zj. 
Then Q and 3F{P) are two parabolics in opposition, which means that M := Q D SF{P) 
is a common Levi subgroup. Hence L := ^ ^ M is a Levi subgroup of F{P). Now use the 
correspondences between parabolics and flags, and between Levi subgroups and splittings of a 
flag. More concretely, let C* be the unique filtration of Vg of type r such that P = Stab(C*), 
let {A^} be the splitting of (C'^p^ corresponding to the Levi subgroup L c F{P), let D, be the 
filtration of Vs of type r corresponding to Q, and let {Bi} be the splitting of D, corresponding 
to the Levi subgroup M C Q. Because = M, there is a permutation tt of Z such that 
5'(^s(A*)) = -B^(i) for all i G Z. The assumption that Q and ^F{P) are in opposition then 
implies that we in fact have 5((^s(A')) = Bi for all i. Hence we can define ipi to be the 
composition 

(gr*,)W S A' Bi^Di. 
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Then (C*, {A'jjgz, D,, {Bi}i^z, is a well-defined element of Xt{S). As it is clear from the 
construction that a and /? are inverse to each other, the lemma is proven. 

(4.4) Theorem: Let k be an algebraically closed Seld of characteristic p > 0. Let n'^ be an 
integer, let G = GL„, and let {W, I) be the Weyl group with its subset of simple reflections. Let 
t:Z ^ Z^o be a function with Ylii^i ''"(*) = ^> let J C I be the associated parabolic type. 
Then there is a bijection 

( isomorphism classes ofl ^ ^ 
(4.4.1) \ } — ^■^W^WjXW. 

l^F-zips of type r over k J 

In particular, every F-zip of type r is isomorphic to a standard F-zip M " (8)^^ k as in (1-9), for 
a unique u G "^W. 

Proof : The first statement is the conjunction of Thm. (3.25) and the above lemma. For the 
second assertion one verifies that M " (8> k corresponds, under (4.4.1), precisely with the element 

(4.5) We call the GL„-orbit of corresponding via the bijection (4.3) to the open dense orbit 
Zy^ in Zj (3.26) the ordinary orbit. It parametrizes i^-zips (M, C*,D,, (p,) of type r such that 
the filtration C and D, are in opposition, i.e., the rank of C" fl Dj is as small as possible for 
aU i,j (2.13). 

(4.6) The standard F-zips M " defined in (1.9) correspond, under the isomorphism of (4.3), to 
certain standard triples [P, Q,g] in Zj. As we shall discuss now, these can be defined independent 
of the language of F-zips, for an arbitrary reductive group G as in (3.1). 

Let L be the splitting field of G. We choose an F^-rational Borel pair (T, B) of G such that 
T is split over L. Via this choice we identify the Weyl group W with Ng{T)/T. Moreover, we 
choose a set-theoretic section s: W{L) — > Ng{T){L). For u G •'W let u = {uo,u\, . . .) G T{J) 
be the corresponding family under (3.7). We apply the definitions and the notation of (3.6); in 
particular, u = u^. 

We denote by (P^, <3^:,9") e Zj^{L) the triple satisfying: 

(a) P^ = ^^P\ where P' is the parabolic subgroup of type Joa containing B; 

(b) is the parabolic subgroup of Gl of type K^c = '^S{Joc) = "~ J containing B; 

(c) ff" = s((uoox)-i) G Ng{T){L). 

Note that K^o = ^S{Joo) is already defined over F,; hence the same is true for and 
F{Q^) = Q^. By definition we have 

relpos(P^,F(g^)) =Uoo, 
relpos(Q^,«>^) = a:. 

Therefore, {P^,Q^,g^) G = fj"-. 

Let P" (resp. Q") be the unique paraboHc of type J (resp. of type K = ^6{J)) containing P^ 
(resp. Q^). Now (3.16) implies that (P",Q",g") e Yy. Wc call the image [P",Q",5"] G 
the standard triple of type u associated to {T,B,s). Another choice of {T,B,s) gives a point 
of Yj in the same G-orbit. 

In the case G = GLn^w^, we have L = ¥p. Take T to be the diagonal torus, B the Borel 
subgroup of upper triangular matrices, and s:W = Sn ^ Ng{T) the map that associates to 
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a permutation the corresponding permutation matrix. Further, fix a type r with ^ r(i) = n. 
The triple (P", Q", g") G X/ then corresponds, imder the isomorphism as in the proof of (4.3), 
to a point of the scheme Xj. It can be checked that this point is none other than the standard 
F-zip Mj together with the obvious sphtting of the filtrations C and D, given by the basis 
{ei, . . . , e„} of the underlying vector space. 

(4.7) Let r: Z ^ Zj,o be a function with finite support. Let n := X^iGZ '''(^)- (4-1) we fix 
an Fp-vector space V of dimension n, we set G := GL(y), and we let {W, I) be the Weyl group 
of G with its set of simple reflections. Let J C / be the parabolic type associated to r. 

Consider the scheme Zj. For u e T{J) we have a locally closed subscheme Yf ^ Zj, stable 
under the action of G, and the morphism 

(4.7.1) H Yf^Zj 

ueT(j) 

is a bijective monomorphism. 

The underlying reduced schemes (yy)red are irreducible and non-singular, as G acts transi- 
tively on them. 

We claim that (4.7.1) is a stratification. More precisely, for u, v G T(J), let us write v ^ u if 
Yj meets the Zariski closure of YJ. Then it follows from the general properties of orbits under 
a group action (see e.g. [27], 4.2) that is a partial ordering on T(J) and that 

(4.7.2) T7=]Jy7. 

This last identity has to be interpreted set-theoretically, or on points with values in an alge- 
braically closed field. As a slight refinement, we shall prove in (4.11) below that if v ^ u then 
YJ is in fact contained in the Zariski closure of Yf as a subscheme. 

(4.8) The Ekedahl-Oort stratification associated to an F-zip. We retain the notation of (4.7). 
Let M be an F-zip of type r over a connected base scheme S. Let M be the underlying locally 
free Og-module, which is of rank n = dim(V). Let '^S S he the Gg-torsor of trivialisations 
of M; so if T is a scheme over S then the T- valued points of #5 are the isomorphisms Mt 

Vt := {V Of^Ot). 

We have a canonical G-equivariant morphism 

z/: *S — >Xr^Zj. 

As explained in the introduction, we think of this map as a "mod p period map" . 

For u e corresponding to u € T{J), define := u~^{Yy), which is a locally closed 
subscheme of '^S, preserved by the action of G. Now define S'" ^ to be the quotient of "^5" 
by the action of G. Note that "^S ^ S \s locally trivial for the Zariski topology, and if [/ C S* 
is an open subset over which we have a trivialisation a: M^jj — > Vu then S*" fl ?7 is just the 
pull-back of ^5" C "^S under the section U ^5 corresponding to a. It is clear from the 
construction that 

(4.8.1) LI 'S'" — 

ue-'w 

is a bijective monomorphism. 
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Let A4 be the universal -F-zip over Xr — Zj. The locally closed subscheme Yj is the 
locus where Ai is fppf- locally isomorphic to the standard F-zip M " using the notations (1.9) 
with q = p. Hence it follows that 5" represents the subfunctor 5" of S which is defined by 
the property that a morphism g:T ^ S factors through 5" if and only if g*M_ is fppf-locally 
isomorphic to M " Ot- 

We refer to the subschemes ^ S as the Ekedahl-Oort loci in S associated to the F-zip M 
and to (4.8.1) as the Ekedahl-Oort partition of S associated to M_. (We use the terms "loci" 
and "partition" because (4.8.1) is not, in general, a stratification of S. In fact, the closure of an 
irreducible component of S" need not be a union of components of EO-loci.) 

(4.9) Definition: In the above situation we say that the F-zip M_ is isotrivial of type u if 
S = . Wc say that M is a constant F-zip of type u if it is isomorphic to M" (8>f^ S. 

As a corollary of our method of proof we obtain the following result. 

(4.10) Corollary: Let M_ be an F-zip of type t over S. Then the following assertions are 
equivalent: 

(1) The F-zip M_ is isotrivial of type u. 

(2) There exists a faithfully fiat morphism S' S, locally of finite presentation, such that 
M (^s S' is a constant F-zip of type u. 

If S is quasi-separated, these conditions are also equivalent to: 

(3) Zariski-locally on S there exists a faithfully fiat quasi-finite morphism S" — > 5 of finite 
presentation such that M_ S' is a constant F-zip of type u. 

Proof : Our results in Section 3 show that if (1) holds then M_ is fppf-locally constant; 
whence (2). The equivalence of (2) and (3) in the quasi-separated case follows from [10], 
IV, 17.16.2. 

(4.11) Remark: Isotrivial F-zips are not, in general, etale-locally constant. E.g., if the base 
scheme is the spectrum of a field then in general we need a non-separable field extension to 
trivialize the F-zip. As a concrete example, let be a field of characteristic p, let 7 £ fc, and 
consider the F-zip with underlying module M = = k ■ ei -\- \- k ■ e^, with 

C° = M D = Span(ei,e3) D = (0) 

and 

= (0) C Do = Span(ei,e2,e3) C Di = M ■ 

with 

<po-- (M/C7i)(f) ^ Do given by ^ ei , e'f^ ^ 63 , 4"^ ^ 762 + 63 , 

and with 

ifi: (C^)(f) ^ M/Do given by ej^^ ^ 64 , e^^^ ^ 65 . 
Then M ^, = M q over k, but to realize this isomorphism one has to extract a pth root of 7. 

(4.12) Lemma: Let u, v € T{J) be elements with v ^ u. Let Yf denote the scheme-theoretic 
Zariski closure ofYf (i.e., the scheme-theoretic image ofYj Zj). Then YJ is contained 
in Yj as subschemes of Zj. 



23 



Proof : It suffices to show that if R := A;[t]/(t") with k an algebraically closed field, then any 
point /i: Spcc(i?) — > YJ factors through Y := Yy. But by (4.10), given an isotrivial F-zip of 
type V over _R, then there is a faithfully flat extension R G R' over which the _F-zip is isomorphic 
to (g)Fj, R' ■ In other words, if to: Spec(i?') Spec(Fj,) YJ is the morphism corresponding 
to the constant F-zip MJ^R' then there is an element g € G{R') such that fj, = g-m in Zj{R'). 
Moreover, by (4.7.2) the point Spec(Fp) — > YJ corresponding to MJ factors through Y, hence 
so does the point m. But Y, as a closed subscheme of Zj, is stable under the action of G; hence 
IJL e Y{R'). 

5 F-zips with additional structure 

The purpose of this section is to discuss how the main result of the previous section can be 
extended to F-zips with additional structure. Ultimately one might wish to have a theory of 
F-zips with G-structure, where G is an arbitrary reductive group. However, it is not clear to us 
how to define such a notion in full generality. Therefore we restrict the discussion to two simple 
examples. 

(5.1) Let 5 be a scheme. Consider a pair {M,tp) consisting of a locally free Os-module of 
finite rank, together with a perfect pairing ip: M ®Os ^ ~^ ^S- Let b^:M be the 

isomorphism given on local sections by m i— > ip{— (g) to). For a locally direct summand N C M, 
we define N-^ c M to be the kernel of the composite map M — » , where the first 
map is b^. We call isotropic if N C N-^; in that case tjj induces a perfect pairing on N-^/N. 
Note that A^-L-L ^ 

Now assume that either ip is symplectic, meaning that ip(m,m) — for all local sections to, 
or symmetric; we shall consider the latter case only in characteristic ^ 2. A fiag A in M is called 
a symplectic (resp. orthogonal) flag if for every N G A we also have N-^ G A. As A is totally 
ordered, either N or N-^ is then isotropic. We call a filtration symplectic (resp. orthogonal) if 
the associated fiag is. 

Let 5 be a scheme of characteristic p. Consider a tuple M = (M, tp, C* , D,, (p,) such that 
M ' := {M,C* , D,, Lp,) is an F-zip over S, with ip a (perfect) symplectic or symmetric bilinear 
form on M, and such that the flags C and D, are symplectic, resp. orthogonal. Let r be the 
type of C*. Let i € Z be an index such that T(i) ^ 0. There is a unique index j G Z such that 



By an easy dimension count we then find that, for these same indices i and j, we have 



and (C*+i)^ = , 



and 6^ induces an isomorphism 




DU=Dj and = 



and we get an isomorphism 



/3:gii 



D 



(grf)^ 
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(5.2) Definition: Let 5 be a scheme of characteristic p, with p > 2 in the orthogonal 

case. By a symplectic F-zip over S, resp. an orthogonal F-zip over S, we mean a tuple 
M ~ {M,tp,C* , D,,(f,) as above, with symplectic, resp. symmetric, such that for all in- 
dices i and j as in the above discussion, the diagram 

(gr^^)W ^ gri 



(gr'^)(p),v ^ (grp)v 

is commutative. 

(5.3) Let {V, ip) he a finite dimensional Fp-vcctor space equipped with a perfect bilinear pair- 
ing ip, assumed to be either symplectic or symmetric. If xjj is symmetric we assume that p > 2 
and also that dim(F) is odd. 

In the symplectic case, set G := Sp(V', ^); in the symmetric case, G := SO(V, ■^). As usual, 
let (W, /) be the Weyl group with its set of simple reflections. We say that a type r: Z — > Z^o 
with support ii < • • • < v is admissible if r(i„) = r(?r+i-n) for all n. This is equivalent to the 
condition that for some field k of characteristic p, there exists a symplectic (resp. orthogonal) 
filtration C of 14 of type t. The stabilizer StabG(C") is then a parabolic subgroup of Gk', its 
type J C I only depends on r. We call J the parabolic type associated to r. 

Define Xt to be the Fp-scheme whose /S- valued points are the triples (C*, D,,(p,) such that 
{Vs, '4's,C*,D,,(p,) is a symplectic (resp. orthogonal) F-zip over S. We let G act on Xt by the 
same rule as in (4.2). 

On the other hand, let wq be the element of maximal length in the Woyl group 14^ of G 
and let x G Wyj^(^j-)WoWj be the element of minimal length. Consider the scheme Zj defined 
in (3.9) associated to G, J and x. We claim that we again have a G-equivariant isomorphism 
of Fp-schemes Xt Zj. The proof of this is essentially the same as that of (4.3), provided 
we consider symplectic (resp. orthogonal) splittings of the filtrations (G*)^^' and D,. We leave 
the details to the reader. Note, however, that it is essential to have a bijective correspondence 
between symplectic (resp. orthogonal) fiags and parabolic subgroups of G, as well as a corre- 
spondence between the symplectic (resp. orthogonal) splittings of a flag and the Levi subgroups 
of the corresponding parabolic. Such a correspondence fails for orthogonal groups in an even 
number of variables, which is why we assume that in the orthogonal case, dim(y) is odd. 

(5.4) Corollary: Let k be an algebraically closed Geld of characteristic p. 

(i) Let G = Sp(V, tp) and {W, I) be as above; symplectic case. Let t be an admissible type 
with X^jgz T{i) = dim{V) and with associated parabolic type J C I. Then there is a bijection 

(isomorphism classes of symplectic') ^ . 
I F-zips of type r over k J 

(ii) Let G = SO{V,tp) and (W,I) be as above; orthogonal case, with dim{V) odd. Let r be 
an admissible type with J2iez '''(*) ~ dim(T^) and with associated parabolic type J C I. Then 
there is a bijection 

(isomorphism classes of orthogonal! ^ , 

i , } ^■^W^Wj\W. 

{ F-zips of type r over k J 
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Note that in this result the Fp-structure on G plays no role, as (W, 7) only depends on Gk, 
which in turn only depends on dim(y). 

(5.5) Remark: As remarked at the beginning of this section, it is not clear to us how to define 
the notion of an F-zip with G-structure, for G an arbitrary reductive group. It is possible, 
though, to obtain rather complete results for i^-zips equipped with an action of a semi-simple 
algebra and a hermitian form. For Dieudonne modules this was carried out in [18]. 

(5.6) Slightly changing notation, let Gi := Sp(V^,V'), resp. Gi := SO(F, ^) be the reductive 
group over Fp considered in (5.3). Let G2 := GL(F). Let (Wj, li) be the Weyl group of Gj. 

If Par(Gi) is the scheme of parabolic subgroups of Gj then we have a canonical morphism 
Par(Gi) ^ Par(G2); in terms of symplectic (resp. orthogonal) flags A in F it sends StabGi(A) 
to StabcalA). As Wi can be identified with the set of G^-orbits in Par(Gi)0 (over any separably 
closed field), wc obtain a natural homomorphism t; Wi —>■ W2, which is in fact injcctive. 

Let k = k. Let M be a symplectic (resp. orthogonal) F-zip over k with dim(M) = diin{V). 
Write M' for the underlying F-zip, obtained by forgetting the form tp. Let Jj C li be the 
parabolic type associated to the type r in the group Gj. Then l maps "^^Wi into •'^W2- If 
ui G •'^Wi is the element corresponding to M under (5.4), and U2 G ^^W2 is the element 
corresponding to M' under (4.4.1) then we have the relation l{ui) = U2. 

For a more precise statement, consider the schemes Z^p — > formed with respect to the 
group Gi and the subset Ji C Ii and the schemes Z — > Xr formed with respect to G2 and 
J2 C /2- Then the forgetful morphism M 1-^ M defines a closed immersion a: xi'^^x?\ If 
ui e ^^Wi corresponds to the sequence ui e T{Ji) and U2 ■= i{ui) corresponds to U2 € T{J2) 
then it can be shown that a induces an isomorphism between the subscheme Y^^ ^ Zj'_^ = X^^^ 
and the subscheme D z'^j^ ^ Z^f^ ^ xf'. 



6 F-zips coming from geometry 

(6.1) Let /: X — > 5 be a morphism of schemes in characteristic p. We denote by Frobg: S ^ S 
the absolute Frobenius. By definition of the relative Frobenius Fx/s we have a commutative 
diagram 



X x(p) X 



(p) 



where the square is cartesian. 

Now assume that / is smooth. Recall that we have two spectral sequences converging to the 
de Rham cohomology H^-^{X/S) = R*(f2^^g), namely the Hodge-de Rham spectral sequence 

and the conjugate spectral sequence 
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Moreover, there is a unique isomorphisni of graded Ox{p)-modu\es 

(6.1.1) c-':^n),,,,^s ^^n'{F4n'x/s)) ^ 

the (inverse) Cartier isomorphism, which satisfies 

C-\l) = 1 
C-\da-\x)) = class ofxP-'^dx 
C-\lj a lj') = C-\lj) a C-\io') . 

(6.2) Let /: X ^ 5 be a smooth and proper morphism. We say that / satifies condition (D) 
if the following two conditions hold: 

(a) The Cg-modules R^f^{Q'^^g) are locally free of finite rank for all a, 5 > 0. 

(b) The Hodge-de Rham spectral sequence degenerates at Ei. 

If / is satisfies (D), the formation of the Hodge-de Rham spectral sequences commutes with 
base change 5' — > 5. 

(6.3) Let f-.X^Shea. smooth morphism of schemes of characteristic p. For a, b € Z^o the 
(inverse) Cartier isomorphism of (6.1.1) defines an isomorphism 

If further the Og-modules i?^'/*(f2^^g) are flat (e.g. if / satisfies condition (D)), we get an 
isomorphism 

<^»^ProbJi?V*(fJx/s) = Froh*s{HE'"') ^ .o.^Ef = i?V*(W'(i^x/s)) • 

Using this, one can show (e.g. [13], 2.3.2), that if / is satisfies condition (D), the conjugate 
spectral sequence degenerates at E2 and that its formation commutes with arbitrary base change. 

(6.4) We list some examples of morphisms that satisfy condition (D). As usual, 5 is a scheme 
of characteristic p. 

(1) Any abelian scheme f:A — > 5 is satisfies (D). (Degeneracy of the Hodge-de Rham 
spectral sequence at Ei can be proven as in [21], Prop. 5.1.) 

(2) Any smooth proper curve f:C^S satisfies (D). (Use the previous example.) 

(3) Any K3-surface X ^ S satisfies (D). (This follows from [5], Prop. 2.2.) 

(4) Every smooth complete intersection in the projective space satisfies (D) as a scheme 
over S. (See [3], Thm. 1.5.) 

(5) Let f: X ^ S he a, smooth proper morphism such that {Fx/s)*{^x/s) decomposable 
(i.e., isomorphic in the derived category to a complex with zero differential). Then / 
satisfies (D) by results of Deligne and Illusie, see [6], Cor. 4.1.5. Moreover, this condition 
is satisfied if dim(X/S') < p and / admits a smooth lifting f:X^S with S a flat 
Z/p^Z-scheme (loc. cit., 3.7). 

(6.5) Let /: X — > 5 be a morphism satisfying (D). Fix an integer n with < n < 2 dim(X/ S). 
We associate to / an F-zip (M, C',D„ip,) over S as follows: Set M = H2^{X/S). Let C* be 
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the Hodge filtration on M, and define the filtration D, by Di = conj-F" ^^^^{X/S). Finally, 
let 

<Pi := ^"-^'^ (gr^c)^^^ = Frob^ R"''M^x/s) ^ s^? = R"'' Mn^n'^/s)) , 

where ip^~^'^ is the isomorphism defined in (6.3). 

Note that C* and D, arc filtrations in the sense of (1.2). This follows from the fact that 
both the Hodge-de Rham spectral sequence and the conjugate spectral sequence are compatible 
with base change. (Use the fact that a homomorphism uN^Moi Og-modules with M locally 
free of finite type, makes N into a direct summand of M if and only if l stays injective after 
arbitrary base change.) 

We obtain a functor FZ(n) from the category of S'-schcmcs f: X ^ S that satisfy condition 
(D) into the category of i^-zips over S. This functor is compatible with base change 5" — *■ 5*. 

(6.6) In the situation of (6.5), if S is smooth over some scheme T then we have an additional 

structure on the i^-zip H^j^iX/ S), viz. a Gauss-Manin connection V relative to T. The filtra- 
tion is horizontal with respect to V, the filtration C* satisfies Griffiths transversality, and the 
maps ifi are horizontal with respect to the canonical connection on (grj^)*-^-* and the connection 
induced by V on grf . In this paper we shall make no attempt to further exploit this structure. 

(6.7) There is also a logarithmic variant. For this we use the language of logarithmic schemes, 
as for instance in Kato's paper [12]. Let /: (X,Ai) {S,J\f) be a morphism of schemes with 
fine log-structures in characteristic p and denote by (^x/s logarithmic de Rham complex. 
As in the non-logarithmic case, there are two spectral sequences converging to the logarithmic 
de Rham cohomology -ff*R,iog("^/'^) ~ ^*/*('^x/s)' 

If / is log-smooth and of Cartier type, there exists also a logarithmic variant of the 
Cartier isomorphism. 

Similarly as above, we say that / satisfies condition (D) if the following conditions are 
satisfied: 

(a) The log-structures M and J\f are fine and the morphism / is log-smooth and of Cartier 
type. Its underlying scheme morphism is proper. 

(b) The logarithmic Hodge-de Rham spectral sequence degenerates at level Ei. 

(c) The Og-modules R^f^^uix/s locally free. 

If the log-structures ^A and Af are trivial (or more general if / is a strict morphism of 
log-schemes) then / satisfies condition (D) if and only if the underlying scheme morphism is 
satisfies (D). A nontrivial example for a morphism of log-schemes satisfying condition (D) is 
the following case: Let S be the spectrum of a discrete valuation ring and let X be a complete 
intersection in a projective space over S. Assume that X is a regular, flat over S, and that its 
special fibre is a divisor with normal crossings. Then the structure morphism f:X^S satisfies 
condition (D) if we endow X and S with their natural log-structures. 

Again one can show that condition (b) and the existence of the Cartier isomorphism im- 
ply that the conjugate spectral sequence degenerates at E2. Moreover, condition (3) and the 
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existence of the Cartier isomorphism then imply that the formation of the logarithmic Hodge- 
de Rham spectral sequence and of the logarithmic conjugate spectral sequence commute with 

arbitrary base change. 

For a log-smooth morphism /: {X, Ai) — > iS,M) of fine log-schemes, the sheaf of logarithmic 
differentials u)x/g is locally free of finite type. If its rank is constant we call this rank the 
relative dimension of {X,A4) over (5, A/") and denote it by dim{X/S). (Note that in general 
the underlying scheme morphism of / need not even be flat.) If / now satisfies condition (D) 
then we obtain, as in the non- logarithmic case, an F-zip structure on H2^i^^{X/S) for every 
integer n with ^ n ^ 2dim(X/5'). 

(6.8) Let f: X ^ S he a morphism satisfying (D). Fix ^ n < 2dim(X/5), and denote by 
FZ(n)(/) = {M,C',D,,ip,) the corresponding i^-zip with M = H^J^^{X/S). Wc assume that 
N{n) = rkc)g(M) is constant on S. Lot J(n) be the parabolic type associated to C*. Let 
W{n) = S'Ar(„) be the Wcyl group of GL^(„) and let u)(n)max be the unique maximal element 
in •^(")M^(n) with respect to the Bruhat order. 

The Ekedahl-Oort locus corresponding to t«(n)max and the choice of n is an open 

subscheme of S. We set 

n 

(6.9) Proposition: In the situation of (6.8) we have Sard = S if and only if for every geometric 
point s of S the K{s)-scheme X^ is ordinary in the sense of [11], 4.12. 

Proof : As So^d C S' is open, wc can assume that S = Spec(fc) for an algebraically closed 
field k. By [11], 4.13, X is ordinary if and only if Hodge filtration and conjugate filtration in 
H^-^(X/k) are in opposition, i.e., if and only if their relative position is equal to the maximal 
element in -'"VF^" where Kn = wo{Jn) and where wo is the maximal element in Wn- By (4.5) 
this is the case if and only if the isomorphism type of FZ„(/) corresponds, via (4.4.1), to the 
element t«„,max- 

(6.10) Let X be a (log-)smooth projective variety over an algebraically closed field k such that 
X — > Spec(fc) satisfies condition (D). As suggested by the title of this paper, we may think of the 
F-zip structure on the de Rham cohomology as a discrete invariant of X. As such, this contains 
certain discrete invariants previously studied by other authors, such as the a-number defined 

by van dcr Gcer and Katsura in [9]. More precisely, if Uoo S ''W is the element classifying the 
J^-zip H^(X/k), and if u = (uq.ui, . . .) is the sequence corresponding to Uqo via (3.7), then 
the a-number only depends on uq, which is the relative position of the Hodge and the conjugate 
filtration. 

(6.11) F-zips and Shimura varieties of PEL-type. Let V = (S, *, V, { , ),Ob,J^, h) denote a 
Shimura-PEL-datum, integral and unramificd at a prime p, let G its associated reductive group 
over Q, and [/j] denotes the associated conjugacy class of cocharacters of G. By this we mean 
that 

• B is a finite-dimensional semi-simple Q-algebra, such that Bq^ is isomorphic to a product 
of matrix algebras over unramified extensions of Qp; 
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• * is a Q-linear positive involution on B; 

• y is a finitely generated left i3-module; 

• ( , ) is a nondegencrate alternating Q-valued form on V such that {bv, w) = {v, b*w) for all 
v,w &V and b & B; 

• Ob is a *-invariant Z(p) -order of B such that Ob (8 is a maximal order of B Qp; 

• A is an OB-invariant Zp-lattice in Vq^, such that (,)|axA is a perfect pairing of Zp-modules; 

• G is the Q-group of B-linear symplectic similitudes of V, i.e., for any Q-algebra R we have 

G(i?) ^ {g e GLsiV (g) R) \ {gv,gw) = c{g) ■ {v,w) for some c{g) G i?^} ; 

• ft,: Resc/R(Gm,c) ^ Gk is a homomorphism defining a complex structure on Vr which is 

compatible with ( , ); 

• [n] is the G(C)-conjugacy class of the cocharacter associated to h (cf. [4], 1.1.1). Then 
Vc has only weights and 1 with respect to any /x e [fj]. 

We assume that p > 2 if G is not connected. 

Let E be the associated reflex field, i.e., the field of definition of [fi]. It is a finite extension 
of Q. Fix an embedding of the algebraic closure Q of Q in C into some algebraic closure Qp 
of Qp. Via this embedding we can consider [/x] as a G(Qp)-conjugacy class of cocharacters. 
Denote by v\p the place of E given by the chosen embedding Q ^ Qp and write Ey for the 
t;-adic completion of E. Let k = k{v) be its residue class field. 

Further fix an open compact subgroup c G(Ay) and denote by k-p^xp the associated 
moduli space, defined by Kottwitz in [14]. We assume that is sufficiently small such that 
^v.Kp is representable. It is then a smooth cqui-dimcnsional quasi-projective scheme over the 
localization of Oe in p. It classifies tuples {A, A, t, fy) where 

• A is an abelian scheme up to prime-to-p-isogeny; 

• A is a Q-homogeneous polarization of A containing a polarization A G A of degree prime 
to p; 

• uOb End(A) (8)z Z(p) is an involution preserving Z(p)-algebra homomorphism where 
the involution is * on Ob and the Rosati involution given by A on End(A) (8)z ^(p)i 

• is a RP-leveX structure. 

Further [A, A, i, fj) should satisfy a determinant condition; see [14], §5 or [25], 3.23 a) for a precise 
formulation. We denote by Aq the reduction kx>,KP ^ k at v. 

(6.12) We denote by G the reductive IFp-group of OB/pOB-linear symplectic similitudes of 
Ag := A/pA and let G be its identity component. Via the canonical bijection of G(Qp)-conjugacy 
classes of cocharacters and G(Fp)-conjugacy classes of cocharacters we consider [fi] as a G(Fp)- 
conjugacy class of cocharacters. Its field of definition is k. Let (W, I) be the Weyl group of G 
together with its set of simple reflections, and let J C / be the subset of simple reflections 
corresponding to [/u]. Then J is defined over k. 

(6.13) Let S be a K-schcme and let {A,X,L,f]) be an ^-valued point of Aq. Every abelian 
scheme satisfies condition (D). We set M = H^^{A/S). By (6.5) we obtain the structure of 
an F-zip on M. The filtration C (resp. D,) is of the form M = C° D D = (0) (resp. 
(0) = D-i C Do C Di = M), where and Do are locally direct summands of rank equal to 
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dim{A/S). Moreover, the submodules Dq and are Os/pOs-invariant and totally isotropic 
with respect to the perfect alternating form induced by any A G A which is of order prime to p. 

(6.14) Lemma: Locally for the etale topology the two skew Hermitian modules with Ob/pOb- 
action M and Aq^s = Aq (S) VpOs are isomorphic. 

Proof : This is a special case of [25], 3.16. 

(6.15) We define two smooth coverings '^Aq and Aq of Aq as follows: For every K-scheme S the 
5- valued points of *Ao are given by tuples (^4, A, l, fj, a) where (^4, A, l, ff) G Ao(S') and where a 
is an Os/pOs-hnear symplectic similitude H^j^{A/S) ^o,s- 

The ^-valued points of Ao are given by tuples {A, A, i, fj, a, C , D') with (A, A, t, fj, a) e ^Aq 
and where C and D' are Os/pOB-invariant totally isotropic complements of and Dq, re- 
spectively. 

It follows from (6.14) that ^Aq is a torsor for the etale topology over Aq under the smooth 
group scheme G. Furthermore, because Zariski-locally on S we can always find complements C 
and D' as above, Aq is a torsor over *Ao under the smooth unipotent group scheme Uj,k defined 
in (3.9); where J and K are the parabolic types of the filtrations C* and D,, respectively. 

Wc relate this to Zj as defined in (3.3). The scheme Zj depends on some automorphism 
S of the Weyl group of G which takes into account that our group G might be disconnected. 
Hence we will write Zj^g. Moreover we let Zj be the disjoint union of the schemes Zj^g for the 
various possible 5. We can do this also for the schemes Zj = Zj^ and obtain a scheme Z'j. 

For every S- valued point (^4, . . .) of Aq we obtain an F-zip with underlying Og-module 
li\Y{{,Aj S) with additional structures and with splittings for their filtrations. As in the proof 
of (4.3) we can associate to this F-zip an 5- valued point of Z'j. By passing to the quotients, we 
obtain a morphism 

7r:Ao^ [G\ZS] 
where on the right hand side we have the quotient stack. 

Note that it follows from [19], 4.1, that we can decompose Aq into the special fibres of 
individual Shimura varieties such that tt factors through one of the \G\Zj^i\. We omit the 
details. 

For each connected component Zj,^ of Z'j and for u G T( J) wc have defined a G-invariant 
subscheme Yf which gives by passage to the quotient a locally closed substack [G\y'j ] of 
[G\Zj_5] . The inverse images of these substacks A" in Aq are by definition the Ekedahl-Oort 
strata in Aq. Note that these strata now carry a canonical scheme structure. 

(6.16) It is shown for p > 2 in [27] that tt is the composition of a smooth morphism and a 
homeomorphism. In particular we obtain that the codimension of the Ekedahl-Oort stratum A" 
is the same as the codimension of in Zj^^ if it is nonempty. Hence we get 

codim(AQ, Aq) ~ dim(Parj) — i(uaa) 

by (3.20). This gives a new proof of the main result of [20]. 

By [19] 3.2.7 the inverse image of the union of the open strata in [G\.Zj] is just the \x- 
ordinary locus of Aq in the sense of [26] and we obtain a new proof of the main result of [26] , as 
was already pointed out in [19] . 
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(6.17) Example: F-zips associated to strongly divisible lattices. Let F be a finite extension 

of Qp with ring of integers Of and finite residue field k of cardinality q. Let fc be a perfect 
extension of k and let L = W{k) 'E>w{k) F- Let (Tq be the automorphism of W{k) over W{k) 
induced by the gth power Frobenius on k, and define u £ Aut(X/F) by cr = ctq ® id^- We fix a 
uniformizing element tt of Op, and we set Ol ■= W{k) ^w{k) Op- 
Let {H, Fil*) be a filtered isocrystal over L. By this we mean that H isa finite dimensional 
L-vector space, equipped with a cr-linear bijective operator <^.H—^H, and with a descending 
filtration Fil*. Suppose that M. d H \s a strongly divisible lattice, i.e., an 0£,-lattice such that 

(6.17.1) M = Y^-K-'^{Mr\¥\t) . 

We claim that M :— M./ttAA naturally inherits the structure of an i^'-zip over k with respect to 
the prime power q. The definition is as follows. 

We let C* be the descending filtration on M induced by Fil*, so 

C = [m & M \ 3y e M n FiP with y mod ttM = m] . 

Next define the ascending filtration D, by 

A = {fn & M \ 3y & M with 7r~*$(y) e M and 7r~'$(j/) mod ttM = m} . 

Define a fc-linear map <^j: (C)''^ — > A by (pi{m 1) = 7r~*$(j/) mod ttM, where y e fl FiP 
is any element with y mod -kM. = m. Using (6.17.1) we see that this is well-defined. It is easily 
seen that vanishes on (C*+^)(«), so we may define ipi: {gv'\j)'^''^ — > grf to be the map induced 

by ^i- 

It remains to be seen that </?j is an isomorphism, and by a dimension count it suffices to 
show that each ipi is surjective. For this, consider an element m £ Di. By assumption there 
is an element y G M with 'K~'^^{y) G M. and 7r~'$(y) mod ttAI = m. By (6.17.1) there are 
elements Zj G M. fl FiP such that 7r~'$(y) = 'Y^T^~^^{zj). Because $ is injective, 7r~'y = 
^7r~^Zj. Let y' := y — J2j<i''^^~'' ^j- Then $(y') G tt'A^, and if we write m' for the class 
of 7r~*$(j/') modulo ttA4 then m' and m represent the same class in grf . On the other hand, 
y' = Ylij-^i li^s in FiP fl M. Hence it follows that fh G grf is in the image of (fi. 

If we look more closely, we see that we not only get the structure of an F-zip on M, but 
that it comes equipped with a natural splitting of the £),-filtration. Namely, define A4 C 
H hy M := X^j£z7r~'(A^ fl FiP). Then $ gives an isomorphism a*M M. Moreover, 
we have a natural isomorphism Ai / ttM ®iGZ gXc (-^) • Hence $ induces an isomorphism 
®(gr^)('') M; it maps (gr^)^'''' into Di, and the composition (gr^)*^"?' Di grf is of 
course ipi. The image of (grf;)*-^-* inside Di is the subspace Ei C Di given by Ei = {m e M \ 
3y G MCi Fil' with 7r~'$(y) mod ttM = m}, and this is a complement for £>j-i inside Di. 

(6.18) Example: F-zips associated to K3 surfaces. Fix a natural number d and a prime 
number p with p \ 2d. Let 5* be a scheme of characteristic p, and let {Y, L) be a K3 surface with 
polarization of degree 2d over S. This gives rise to a sequence 

•S* = 5*1 D ^2 D ■ • ■ D SiQ D Sao 
(6.18.1) II 

'S'oo.lO 3 500,9 D • • • D <S'tx),l • 
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Here Sh C S, for h e {1,2,..., 10, oo}, is the closed subscheme of S given, loosely speaking, 

by the condition that the formal group of X has height ^ h. For details we refer to Ogus's 
paper [22]. On the supcrsingular locus Soo we have a further set-theoretic stratification, letting 
Soo,i be the locus of points s € S where ao{Ys) ^ i; here uo denotes the Artin invariant. For 
details we again refer to [22]. 

We now want to connect the stratification in (6.18.1) with our theory of F-zips. Let f:Y^S 
be the structural morphism, and consider the second de Rham cohomology H := R^ft,flY/s- 
is a locally free C'5-module of rank 22, which comes equipped with a non-dcgcncratc symmetric 
bilinear form Q: H x H ^ Os- If ci{L) e H{S) is the first Chern class of L then the primitive 
cohomology 

M := (ci(i))^ C H 

is locally free of rank 21, and Q restricts to a non-degenerate form on M, which we again call Q. 

As in (6.5), let C* be the Hodge filtration on M and let D, be the conjugate filtration (up 
to a renumbering). The type r is given by r(0) = r(2) = 1 and t(1) = 19, and C* and D, are 
orthogonal filtrations. The inverse Cartier isomorphism gives isomorphisms tpii (gr^^)^^^ grf 
such that M = (M, Q, C*, D,, cp,) is an orthogonal F-zip. 

Let {V,ip) be an orthogonal space over Fp with dim(y) — 21. Set G := 80(^,-0), which has 
root system of type Biq. We take a basis of simple roots as {ai, . . . , aio} as in [2], Planche II; 
thus, aio is the short root. Let I = {si, . . . , sio} be the corresponding set of simple reflections. 
We have 

W^{pGS2i\ pU) + p(22 - j) = 22 for all j} , 

with Si corresponding to the element (i, i + 1) • (21 — i, 22 — i) for 1 < i < 9 and Sio corresponding 
to the transposition (10, 12). (Note that p(ll) = 11 for all p e W.) 

Let J := I\{si}. We have Wj = {p&W\ p{l) = l}, so Wj\W is a set of 20 elements. The 
set '-'W of minimal representatives consists of elements xi, . . . , X20, which we number in such a 
way that £{xj) = 20 — j. In the Bruhat ordering we have xi > X2 > ■ ■ ■ > X2o- 

Consider the covering #5 S, such that the T-valued points of '^S, for T an S'-scheme, 
are the isometries Mt Vt- Then '^S is an torsor over S in the etale topology, under the 
group 0{V, ip). If Xr is the scheme of orthogonal F-zip structures on (V, ip), as in (5.3), then we 
have an 0{V, i/')-equivariant morphism ^S' — > X-r- If Xr''^ C X^- is the stratum corresponding 
to the element Xj, let S^^^ C S he the subscheme obtained as the quotient of p~^(^Xr^) under 
0{V,i;). 

The connection between the EO-loci S^^^ thus obtained and the strata in (6.18.1) is given 
by the following result. 

(6.19) Proposition: With notation as in (6.18.1) we have 

= 5j \ forl<j<ll, 
where we let Sn := Soo = Socio and := Soo,9- Further, on k-valued points we have 

SooAk)= II S^'\k) for 1^1 ^10. 

i^21-l 
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This is essentially what Ogus proves in [22]. Thus, we see that our theory of F-zips gives a 
uniform and scheme-theoretic approach to the whole chain in (6.18.1). 
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